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SUMMARY

A two-degree~of -freedom system, in which rolling oscillations are
forced, is described. Details of the system, the theory, and the method
of operation are discussed. It is shown that, although the system is
characterized by nonlinear equations of motion, linearization of the
equations by assuming small perturbations and constant coefficients yields
sufficiently accurate results.

The accuracy of the system was first investigated in tests under
ldealized conditions 1n which the aerodynamic derlvatives were simulated
by the action of gyroscopes and magnetic dampers. Later, the system was
investigated in a high-speed wind tunnel using a simple model for which the
aerodynamlc derivatives could be estimated.

The results of the tests showed that the quantities relating to the
primary mode of operation of the system, that is, the rolling velocity
derivatives, could be obtained satisfactorily. The same is true of the
directional stabllity and the damping-in-yaw derivatives. Results obtalned
from the deta-reduction equations for the rolling moment due to yawing
velocity and due to sideslip angle were unrelisble, however, and prevented
the evaluation of these derivatives.

.

INTRODUCTION

The increasing emphasis placed on studies of the dynamic stability
of aircraft has intensified the need far satisfactory methods for predict-
ing the dynamic stebility derivatives. Most theoretical methods evolved
to date are subject to limitations imposed to reduce the mathematical
task to reasonable proporticns. In order to obtain experimental checks
of these methods and to provide sources of information in those areas in
wkick theoretical methods are not yet avalleble, there exists a need for
experimental research on the stability derivatives.

The experimental study of dyanamic stabllity derivatives in wind tun-
nels is, of course, not new. Many systems bhave been evolved for this

purpose. References 1, 2, and 3, for instance, discuss early British
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systems in which the relative motion of the model and the air stream is
generated by model motion. A dynamlc system recently developed at Ames
Aeronautical Laboratory is described in reference U4; again the relative
motion of the model and the air stream ls generated by model motion.

The rolling- and curved-flow wind tunnels now in use at the Langley Aero-
nautical Laboratory of the NACA, for instance (refs. 5 and 6), are examples
of other systems in which the model is held rigidly and the air flow gen-
erates the relative steady yawing and rolling motion..

In the present case, a system in which the model executes forced
oscilletlions with two degrees of freedom was developed. The details of

its design and development are published herewith since they may prove
useful tc others who desire to develop dynamlc systens.

SYMBOLS AND COEFFICIENTS

The aerodynemlc coefficients defined herein are referred to the
system of body axes originating at the model center of gravity. The
symbols and coefficlents are defined as follows:

b body length, ft

C 14 Y
(5=
C Ly '
Iy ¥ gsb2/ -

CZB LB Eég
‘14 b8 <£Zz>
w9 (55)
Cny nj _q222>
Cng Np <ﬁ>
Cné Né a%%ﬁ

T frequency, cps

T
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HX:HY:HZ
hx,hy,hz

Ix

moment of momentum about space-fixed axes
moment of momentum about body axes

moment of inertia about x axis, ft-1b sec®
moment of inertia gbout z axis, ft-1ib sec?

product of inertia with respect to x and z axes, ft-1b sec?

product of inertia with respect to y and z axes, ft-l1b sec®
rolling moment, ft-1b

absolute value of spring constant of roll flekxure pivots,
ft-1b/radian

rate of change of aerodynamic rolling moment with rolling
sngular velocity, ft-1b/radian/sec

equivalent viscous damping factor due to internal friction in
roll flexure pivots, ft—lb/radian/sec

rate of change of aerodynamic rolling moment with yawing
angular velocity, ft—lb/radian/sec

rate of change of rolling moment with sideslip angle,
ft-1b/radian

rate of change of rolling moment per unit rate of change of
sideslip angle, ft-lb/radian/sec

pitching moment, ft~1b
applied moments about space-fixed axes, ft-1b
vawing moment, ft-1b

rate of change of aerodynamic yewing moment with rolling
angular velocity, ft-lb/radian/sec

gbsolute value of spring constant of yaw flexure pivots,
ft-1b/radian

rate of change of aerodynamic yawing moment with yawing
angular veloclty, ft—lb/radian/sec

equivalent viscous damping factor due to internal friction in
yaw flexure pivots, ft-lb/radian/sec

rate of change of yawing moment with sideslip angle,
ft-lb/radian )
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Ng -- rate of change of yawing moment per unilt rate of change of
sideslip angle, f£t-1b radian/sec

) rolling angular velocity, radians/sec

q dynemic pressure, 1b/sq ft, —gl-DV2

r maximum body radius, £t

@ vawing sngular velocity, radians[§ec

S maximum cross-sectional ares of body, sq ft

T roll input torque, ft-1b

t time, sec

v free-stream velocity, ft/sec o

X,Y,% space-fixed axes

X, V52 axes fixed with respect to the model (body axes)
a angle of attack, radians

a angle between free-stream velocity and longitudinal axls of

support housing

B angle of sideslip, radians ] .

P engle of roll, radians

¥ angle of yaw, radlans

€ phase angle between roll and yaw angles, positive for yaw
leading roll, deg '

JAY phase angle between roll angle and roll-input torque, positive
for input torque leading roll, deg

w angular frequency, 2xf, radians/sec

P mass density of air, slugs/cu ft

( >o amplitude of oscillation or out-of-phase component

( )i initisl condition or in-~phase component

(') gi_l

dt
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ANATYSIS AND DESCRIPTION

Coordinate System

The coordinate system for which the equations of motion will be
written is shown in figure 1. The x,y,z axes are fixed with respect
to the model and are therefore body axes. The X,Y,7Z axes are alined
with the equilibrium position of the model and remsain fixed in space.

In order to 1llustrate the possible modes of motion of the mogdel,

a schematic drawing of the mechanical apparatus is shown in figure 2(a).
As shown in this diagram, the main shaft (torque tube) of the apparatus
is driven in a constant-amplitude oscillatory rotatlion about the X axis
which is transmitted directly to the model. The axis of rotation of the
torque tube is defined by the roll flexure pivots and ball bearing which
support the tube within the support housing. Attachment of the model to
the torgque tube is through the yaw flexure pivots which allow the model
a second mode of motion, that of angular rotation about the =z axis.

Equations of Motion

In accordance with the Newtonlan laws of motion, the time rate of
change of the moment of momentum about axes fixed in space 1s equal to
the summation of the externally applied moments about those axes:

N
dHy
SMy, = —=
My o= &
dty > (1)
5 —
My at
dHg,
M, = —
Z " gy

Since the model is rigidly comstrained in pitch, the second of equa-
tions (1) need not be considered.

The time rate of change of the moments of momentum about fixed~
space axes 1in terms of the rate of change about the body axis system may
be written (see, i.e., ref. 7):



where

hy=

hg

The applied moments and inertial
of the body axis variables

ZL

ZN

I

an, )
i "y v
by L
—= +

at s

Ly + &IXZ
—q)IXy = WIyZ

Plxz + ﬁIz

NACA TN

reactions can then be expressed in terms

IX$-+ Ixzﬁ + Ixy$é + Iyzﬁe

v .e 2 e
IzW + Ixz@ - Ixy@ —VIYZ¢¢

Substituting the externally applied moments for the lefti-hand side of

equations (4) gives

T cos ¥ + Lésé cos ¥ + LgP cos ¥ - L@@ + LY+ LB + Lgh

Wb + Nyk + Mg - NG + NGB + Npp = I+ I 0 + (~Ig@® - Iyiﬁﬁ)J

= Ixé + Ixz¥ + (Ixyé& + Iyz@Z)

> (%)

A geometricel relationship exists between the angle of sldeslip 3B

and the roll and yaw angles @ and V¥ as follows:
the free-stream velacity and the

X axis be

Let the angle between
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From sketch (a),
w =V sin oy Vi =V cos ag

and from sketch (b),

v =wsin 0=V sin a; sin @

From sketch (c),
Sketch (a)

vy =v cos ¥ =V sin ay sin @ cos ¥

Vo, = Vi sin ¥ =V cos a3 sin ¥

The angle of sideslip is then given by

ﬁ = sin"l u&
v
(6) w
B = sin"(sin oz sin @ cos ¥ - cos ap sin V) Sketch (b)

The true angle of attack 1s also a
function of the roll angle:

a = sin™t w! = gin™t/FE cos ¥
\ v

sin~(sin ai cos @) (7)

Substitution of equation (6) and its
time rate of change in equations (5)
yields the equations of motion, and
1t can be seen that nonlinear terms

Sketch
will appear both in the aerodynamic eteh (e)
moments and the inertial reactions.

In order that they be of practical value for use with experimental
wind-tunnel data, linearization of the equations is necessary. If the
approximation 1s made that
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sin @

I

@ sin ¥ =Yy
cos @ = cos ¥ = 1 -

then the sangle of attack becomes a = ai, and the sideslip angle is given
by

B =@sina - ¥y cos a (8)

In general, the angle of attack is sufficiently small so that equation (8)
may be written as

B =ap -V ! (9)

and the time rate of change of sldeslip angle is given by

fo=ap - ¥ (10)

For large engles of attack for which these spproximations are not valid, ,
equation (8) and its time derivative may be used. -

If, in addition to the spproximations made in equations (9) and (10),
the second-order inertial terms in equations {5) are neglected, the equa- -
tions of motion may be written

T (Lpg + Ly + aLp) - (Lo - alg)e + (L - Lé)i - Lg¥ = Ix®+ Iypb

(11)

(Ng + alg)p + allgp + (Wjg + My - M) - (g + Ngly = Iz¥ + Ixg®

The question immediately arises as to the accuracy with which equa-
tions (11) represent the physical system. In order to answer this guestion,
transient solutions of both the nonlinear and linearized equations of
motion for a pulse~type roll disturbance T _were obtained on the Reeves
Electronic Analog Computer for conditions expected to be encountered in
wind-tunnel operation. Comparison of the solutions showed that the only
discernible effect of linearization was a negligible difference in the
roll and yaw accelerations. From this result it was concluded that the
use of equations (11) would be a Justifiable approximation, and that thelr
use would yield data of sufficient accuracy. Further experimental veri-
fication of the validity of these equations 1s given in a later section.
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Solution of Equations of Motion

In the following development the solution of the equations of motion
will be given and arranged in a manner which will permit the determinstion
of the desired aerodynsmic parameters in terms of measured quantities.

Yaw equation.~- The second of equations (11) may be rearranged and
written

L¥ - (W, + N - NV + (Mg + Na)¥ = - T8 + (Ng + alg)d + amge (12)

Equation (12) is & linear second-order differentisl equation, the solution
for which is well known. The roll angle ¢ 1s forced to vary harmonically
with time; Q= @, sin wbt. Then the solution, in general, consists of twq
parts: first, the complementary function, uniquely determined by the
initial yaw angle V¥ and the initial yawing velocity +#; and second, the
particular integral, sometimes called the steady-state or frequency
response, which 1s independent of the initial conditions, and is deter-
mined only by the applied disturbance, the right-hand side of equation (12).

The amplitude ratio and phase angle given by the particular integral
are,

Yo (aNp + Iy,w®)® + (Np + aNg)Z® (13)
%o (Ny + N3 = I0®)% + (Ny, + Ny - N3)Zw?

Ny + oNa y Ny - N3
o Mg+ atgle oo (e + %y - Xlu

(18)
QNB + IXZ(JJZ (qu + NB) - Izwa

€ = tan

Equation (14) mey be manipulated to give

w(N@ + aNé)[(N¢ + Ng - I,w®)cos e + (N@S + Ny - Né)w sin é]

aNp + Ix0% = -
(Ny + Ng - Izw%)sin € - (Njg + Ny - N3)w cos €

(aNg + Ixzw2)[kN¢ + Np - Ipw®)sin € - (W5 + Ny - N§)w cos é]

(Mo + alNg)w
(NW + Ng - I,w%)cos € + (N&s + N& - Né)w sin €
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Substitution of these equations into equation (13) leads to two funda-
mentel relationships:

Vo (Mg + ol )w

—— = e 15

e (Ny + Mg - I,w%)sin € - (N\E,S + Wy - N§)w cos € (15)
N T w®

W_o- _ a B + Lyo (16)

P (g + Ny - I,u®)cos € + (Njg + Ny - Nj)w sin e

The geometrical meaning of equations (15) and (16) is apparent from the
concept of the rotating vector diagram (see, e.g., ref. 8). Since @

is a harmonically varying function @ = @y sin wt, the right-hand side

of equation (12) represents & harmonically varying yawing moment Nj

with components proportional to the roll position, velocity, and accelera-
tion. The vector disgram is shown in sketch (d). The magnitude of the

p resulting yawing moment is
(HgraNg)bew

Ne
A;Z——;;—v'———-— #e No = @, ,/(o:NB + Ixzw®)® + (Ng + aNé)sz

Sketch (d)

and the angle £ 1is given by

- _l(N¢ + aNé)w
= tan ~—m—m—m—m———————r
CINB + Ixzwg

The particular integral shows that V¥ 1is also & harmonic function,
and equation (12) states that the sum of the moments R, resulting from
the moticn ¥ must be equal and

R (K +my ~Nglbew
~— 4 opposite to Np. The vector diagram
\'\\\J\Lhu' is shown in sketch (e). The magnitude
y hgIYe o~~_""", " """ of the resulting yawing moment No
(which is equal to R) is
Ne
Sketch (e)

No = Vg ,/(NW + Ng - IZw2)2 + (Nq}; + N - Né)%ﬁ

and the angle § 1s given by

R (Ny, + ¥y - Nglo

Nw + Np - Tpwe
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The. smplitude ratio and phase angle given by equations (13) and (14) may
then be written

fg _ No/®q
Py No/¥o
€=£+u

-
(Ng, Ny ~Ng) o % MNE’/”;/\/
Equation (12) mey now be represented \\LC/Zﬁvff
by combining the vector dlagrams shown S an,d, f;j———**
in sketches (d) and (e). It can be 7 =
seen that equations (15) and (16)
represent the summations of the outb-
of-phase and in-phase components of (Mg +Ng)Ve
the vector diagram of sketch (f). Sketch (f)

The quantities in equations (15) and (16) measured during operation
of the dynamic apparatus are @5, Vo, w, and €. At any discrete fregquency
these are insufficlent data to solve the equations; however, use of the
apparatus as & free-oscillation system provides additional data from the
complementary solution of equation (12):

(Ny. + Nj - N3)t (Ny. + Ny - N3)
¥ = jexp [ B 2T, B }}"{Wi[cos wat - ¥s EIZia P sin wat} +

g% sin wat}' (17)

where the angular frequency of oscillation is given by

_~/N¢+NE _<N1}S+N1P‘Né>2 (18)
Ya = Iz 2T,

For wind-off conditions, equations (17) and (18) may be written

Ny Ny ¥
¥ = [exp -2% t)} [ﬂfi<cos wpt - QIWZ sin wnt> + Ell sin wnt} (19)
z z%n

» P=) 7
o= | ¥ (N_“‘fé (20)
n=J T, " \I

where
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The contribution of the system damping to the oscillation frequency is
negligible, and equaticn (20) may be written

Ny

I

wn:_
The moment of inertia may then be evaluated:

Ry
Iz = ——— 21
2 = eErE (21)

The system damping may be determined as

2T s
Ny = == In EE> (22)
g wind off

where WT end ¥y are ordinates of the envelope curve a time interval T
apart; similarly, the aerodynamic damping becomes

21, ¢T>
Ny - N3 = — In( —& - Ny (23)
v g i Vt/%ind on ¥s

and the directional stability parameter NB may be determined from
equation (18):

(Ny + Ny - N3)2
Ng = Wn®I,fa% + e hxj Bl . Ny (2k)

Sufficient data are now availsble to solve equations (15) and (16) for
wind~-on conditions: -
¥, (Wy + Ng - I,0%)sin € - (N@s + My - Ng)w cos €
N + ol = g2 - (25)

Vo (My + Ng - TpwP)cos ¢ + (Ny, + Ny - Nj)w sin ¢ ol
Po w2 w2

(26)

Ixz =
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It should be noted that the product of iInertia Iy, may be obtained

for wind-off conditions by elimination of the damping term in equa-
tions (15) and (16) to glve

I = I.Fi (N’Qf - Izmz)
*2 9o wcos €

However, it was found that, for winged models at angle of attack, the
slight elastic deformations of the model and support structure were suf-
ficient to necessitate the use of equation (26).

Roll equation.- The first of equations (11) may be rearranged and
written as follows: -

Ix9 - (Lopg + Ly + aLg)cL + (L. - alg)® + Tyo ¥ - (Ly -Lg)¥ + Lg¥ =T  (27)

Before proceeding with the total equation (27), we will consider the case
of single-degree-of-freedom roll motion, defined by equation (27) when V¥
and its derivetives are identically zero. We proceed directly from the
vector dlagram given in sketch (g).

Summation of the out-of-phase and in- (Lgtigralg)por .

vhase vector components gives M
4
b g

(L{PS + Ly + alg)Pow + To sin & = 0 (28) Lgpe  ‘w  algge Drged

I Gow® - (Lo - alg)®P, + Tg cos A = 0 (29) Sketeh (g)

For wind-off conditions, equations (28) and (29) may be solved for

. To sin A
Log = =~ (30)
-To cos & + Lg%
Ix = > (31)
P
For wind-on conditilons,
Ty 8in A )
- . - - - - 2

1 TO COsS A + qu)o
LB = -C-I: Lq:)" (PO (33)
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Equation (33) becomes indeterminate at zero angle of attack; however,
% another expression for Lg may be
% ﬂr obtained from the more general equa-
/ tion (27) which we now consider.
The vector dlagram representing
equation (27) is shown in sketch (h).
Summatlon of the out-of-phase and
in-phase vector components gives

Ly +L’(+a§5/¢-w

(Ly—Lglpew

4 Ja%f’t L;L—‘—‘*¢'

L“’-
# Sketch (h)

To sin & + Ixg¥ow®sin ¢ + (L + Lo + oLf) Oow +

(Ly - Lé)wow cos € - Lg¥y sine = 0 (34)

To cos & + (alg - Lg)Pg + IxPow® + Iy VowZcos € -

(L& - Lé)wow sin € - Lg¥y cos € = 0 (35)

Multiplying equation (34) by sin €, equation (35) by cos €, and adding
and solving for LB gives

1 i o ' 2
Lo = - - - - wa -
B P (L@ Ixw")@, cos € - Tq cos(A - €) Ixzwo

(Log + Lo + @Lé)¢ow sin e] (36)

where the product of inertia Iy, is given by equation (26). Multiplying

equation (34) by cos e, equation (35) by sin €, and subtracting and
solving for (L¢ - LB) gives

Ly-1§ = E%a [(QLB - Lo + Ix0®) @g sin e - (Ldg + Ly + aLp)@ow cos € -
To sin(a - e)} (37)

Description of Apparatus

A physical description of the drive apparatus and its various com-
ponents 1is presented below. The next section deals with the functions of
the instrumentation. :
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In discussing the drive epparatus, it is convenient to refer to the
plctorial representation of the system presented in figure 2(b). The
model is allowed two angular degrees of freedom (rolling and yawing), is
subjected to constant-amplitude forced oscillations in roll, and is free
to respond in yaw. It is rlgidly restrained in pitch (at a constant
angle of attack from 0° to 15° ), and all externally applied pitching
moments, 1ift, drag, and side forces are transmitted directly to the
wind-tunnel structure. The apparatus is powered by a three-phase induc-
tion motor mounted vertically over the support-strut housing at the rear
of the apparatus. Rotary motion of the motor shaft is converted to an
approximate harmonic motion of the main drive shaft (torgue tube) by means
of the eccentric block and drive flexure indicated in the figure. An
enlarged drswing of these components 1s shown in sketch (i) to aid in
visualizing the principle involved.

Amplitude of the oscillatory rolling l

motion is determined by the amount of
eccentricity in the eccentric block, and
with the present system is 4°. The
torque tube, which transmits the oscil-
latory motion to the model, is supported
within the statlionary support sting by
the roll flexure pivots at the forward
end and by a ball bearing at the rear.
Rigidly attached to the front end of the
torque tube are the yaw flexure pivots

on which the model is mounted. The only
contact between the model and the appa-
ratus is through the mounting at the for-
ward end of the yaw flexures; sufficient
clearance exists between model body and support sting to allow the model
to yaw approximately 2° about the flexure axis. The maximum operating
frequency of the system is approximately 20 cycles per second.

Sketch (i)

To obtain accurate results with the system, it is necessary that
rapid variations in oscillation frequency of the apparatus be eliminated.
This purpose is served by the small flywheel shown mounted over the drive
motor in figure 2(b).

The use of flexure pivots in the apparatus resulted primarily from
the need for avoiding the often undesirable damping characteristics of
ball bearings. The flexures used were designed in accordance with infor-
mation presented in reference 9, and were found to be entirely satisfactory
from the standpoint of defining o rigid axis of rotation.

Characteristlics of flexure pivots.- The flexure pivots are designated
as compensating type in reference 9 because, theoretically, the spring
constant is essentially independent of load. The desirability of this
feature in the present application is obvious, and the experimental veri-
fication 1s shown in figure 3 for the case of the yaw flexure pivots sub-
Jected to 1ift loads of 0, 100, and 200 pounds. The invariance of the
roll-flexure-pivot spring constant was equally good.
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The internal damping in the yaw flexure pivots was obtalned by means
of the well-known oscillation-decay method. It was found that the rate
of decay was not logarithmic but, instead, was a function of both ampli-
tude and frequency. However, equation (22) was applied to the data in
order to obtain an equivalent viscous damping factor N&S. It was found
that, as shown in figure 4, the data could be represented by an egquation
of the form

. a + b¥

Nyg = — ; ' (38)

Justification for this type of expression can be seen by converting to
the form given in reference 10 where the internal damping is presented

in terms of a "damping capacity" Aw, the damping work per cycle per unit
volume. This quentity was found to be independent of frequency and to
vary as the third power of the stress amplitude. Consider the case of
constant-amplitude oscillation, ¥ = ¥y sin wt. Then the damping capacilty
may be written (see, e.g., ref. T} with the flexure-pivot cross-sectional
area A and length h,

Ah

2% .
° 2,2 —— 2
W o= “tgto o u/ﬁw coswt At = Mgm¥orw
Ah
)

or,

(a + b¢0)212$02

AW = h (39)

Although Aw was found to vary in reference 10 primarily as the third
power of the stress amplitude (which i1s directly proportlonal to the
oscillation amplitude), exemination of the results therein indicates that
at the lower amplitudes the data may be approaching a second power vari-
ation as indicated by equation (39). Likewise, the damping capacity
given by equetion (39) is independent of frequency, and it is felt, there-
fore, that the use of the equivalent viscous damping factor represented
by equation (38) is Justified. The data presented in figure U also show
internal damping for the case of the yaw
(e flexure pivots subjected to 1ift loads of
pulley 0, 100, and 200 pounds. The application
of an external load which produces no addi-
wire tional Gamping is essentially impossilble.
,//// However, it was found that the additional
y damping of a 1ift load simulated as shown
,//// in sketch (Jj) was negligible, and the data
X were obtained in this menner. Agaln it can
weights be seen that there was essentially no effect
' of lift load.
Sketch (J)

Z
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No successful method was devised for the application of a 1ift losad
which provided no additional damping about the roll axis. Consequently,
the internal damping of the roll flexure pivots was assumed to be invariant
with 1ift load, an assumptlion Justified by the yaw-flexure results, and
the fact that any small change that might occur would be & negligible
percent of the aerodynamic roll demping. The equivalent viscous damping
factor L@S for the roll flexure pivots was obtained by operating the
apparatus under wind-off, tunnel-evacuated conditions, and it was found
that these results could also be represented by an equatlon of the form
of equation (38).

The values of Lés and N@s were found to be approximately 20 percent
and 12 percent, respectively, of the eserodynemic values obtained in the
wind-tunnel investigation to be described later in the report. It should
be noted, however, that the aerodynamic roll damping measured for the
body-fin model used in the wind-tunnel test is much smaller than would be
the case for a complete alrplane model.

Instrumentation

Three quantities are measured by the system: angular roll and yaw
positions of the model, and the roll-input torque applied to the model
to maintain the forced oscillations in roll. These quantities are measured
by means of reslstance-type strain gages mounted on suitable beams, the
locations of which are indicated in figure 2(b). The amplitudes and
phase angles of the oscillating straln-gage signals are obtained by pass-
ing each of the signals through & sine-cosine resolver located at the
drive motor and gesr driven by the motor shaft (see fig. 2(b)). The two
output signals of each resolver are then directly proportional to the
in-phase and out-of-phase components of the respective strain-gage signals
referenced to the resolver rotor position. By the vectorial summaticns
of these guantities the required amplitudes of oscillation are obtained,
as well as the phase relationships necessary to establish the roll-input-
torque and yaw-posiltion phase angles with respect to the model roll posi-
tion. Oscillation frequency is measured by means of an electronic counter
driven by a portlion of the oscillating roll-position strain-gage signal.

Circuits.- It was noted in the preceding section that it is necessary
to know the amplitudes of the roll angle, roll-input torgue, and yaw angle,
and the phase angles of the roll-input torque and yaw angle with respect
to the roll angle. The desired quantities were measured by means of three
identical electronic clrcuits, the essential features of which are shown
in sketch (k).



18 NACA TN 3348
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Sketch (k)

The principle of operation of the circults is as follows: A direct
voltage is Impressed on the straln~gage bridge which is to provide a
measurement of the desired quantity. The resulting output is an alternat-
ing voltage whose frequency 1s that et which the system is operating and
whose magnitude 1s directly proportional to the amplitude of the deslred
quantity. This output is used to modulate & 40O-cycle wave; the result
1s amplified and then passed through the resolver which reduces it to
components In phase and out of phase with the position of the resolver
rotor. These components are then demodulated and used to drive the gal-
vanometers as shown ln the sketch.

Resolvers.- The resolvers utilized in the apparatus were of the
standerd induction type, commercially available. Two colls are accurately
positioned at 90° with respect to each other on the stator and, with a
1-to-l transformer ratlo, produce two harmonic signals alsc phased 90°
when the rotor is turned at a constant angular speed.

o The action of the resolver
—%— may be explalmed as follows:
b reference Assume the gquantity to be measured,
signals as represented by the oscllliating
—}-_-‘\\‘ ‘///,—- strain-gage signal (hereafter
‘\\\____,j// referred to as the basic signal),
r Nasic signal / has an amplitude of oscillation, A,
i 2 \\\\\__’/257 and phase angle, d, with respect
to the resolver rotor. This sig-
Al2 | N nal is then defined as A sin(wt+d).
"""""""" ~— The resolver may be considered to
A cos S-:I— ~ provide two reference signals of
2 ::E\QT__ _______ unit amplitude, sin wt, cos wt as
—Ef: shown in sketch (1). Transmission
%9‘“ 6 resolver output signals

Sketch (1)
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of the basic signal through the resolver effectively results in mulbipli-
cation of the basic signal with the two reference signals:

Vi = A sin(wt + 8)sin wt

= % cos & - g cos(2wt + B) (4o)
Vo = A sin(wt + B)cos wt

=£ 5in 5 4 g sin(2uwt + ) (41)

Thus the amplitudes of the resolver output signals are one half thatb
of the basic signal, the frequencies are twice the frequency of operation
of the system, and each of the resultant signals has been displaced, the
first by an amount equal to one half the product of the basic signal and
the cosine of the phase angle, the second by one half the product of the
basic signal and the sine of the phase angle.

Equations (40) and (L41), which represent the components of the basic
strain-gage signal in phase and out of phase with the resolver rotor
positlion, also represent the time-varying voltages used to drive the
galvanometers as shown in sketch (k).

Galvanometers.~ A galvanometer element is essentially a single-
degree-of-freedom system, and 1ts amplitude and phase-angle responses to
& harmonically varying forcing function are well known. If the frequency
given in equations (40) and (41) is much greater than the undemped natural
frequency of the galvanometer element, the response of the element to that
portion of the signal will be essentially zero. The first term on the
right-hand side of each of equations (40) and (41) represents a voltage
which is independent of time, however, and the galvanometer is capable
of responding with a deflection G which 1s directly proportional to
the static signal. The results, as shown 1n sketch (k), are static indi-
cations of the in-phase and out-of-phase components of the hermonically
varying quantity.

Application of the proper calibration constants Co and C{ now per-
mits the computation of the amplitude and phase angle of the desired
quantity, the smplitude belng equal to the square root of the sum of the
squares of the in-phase and out-of-phase components, and the tangent of
the phase angle being glven by the ratio of the out-of-phase to in-phase
components:

A = gu/ciZGiz + Co%Go2

Colo
CiGy

(k2)

8 = tan™*
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The phase angle thus obtained are those between the resolver rotors
and esch of the measured quantities; roll positiorn, yaw position, and
roll-input torque. It will be recalled, however, that the desired phase
angles are those between the yaw position and roll positions, and between
the roll-input torque and roll position. It is clear that these guantities
sre immediately obtainable from the above information if the releative phase
angles of the three resolvers with respect to each other are known. Since
it is convenient to the operation of the system to maintaln these relative
phase differences at small velues, the resolvers are first alined with each
other as sccurately as possible. A calibratlon is then made from which the
remaining phase angles are obtained. -

Effects of harmonics.- When the principle of operation of the resolver
circuits was illustrated, it was assumed that the basic signal was a pure
harmonic function. In general, the quantities to be measured are not pure
harmonic functions, but may be distorted due to extraneous disturbances
from support vibration and other sources, one of which was the slightly
impure harmonic motion of the model produced by the eccentric block and
drive flexure in converting the rotary motion of the motor into an oscll-
latory motion of the torque tube. In addition, the voltage output of the
strain-gage bridge may have a mean value other than zero due to initial
unbalance of the bridge. The voltage output may then be represented by
the Fourier series

[~2]
Ag + }: (8, cos nwt + by sin nwt)

n=1
or, in.a more convenient form,

<0

Ay + Z An sin(nwt + Bn) (43)
where n= o
Ay = /anz + bp2
. b
&n = tan * E%

In a similer manner, the resolver reference signals may not be pure har-
monic functions; if, in addition, the two reference signals are not phased
exactly 90° with respect to each other, but have some other phase angle 7,
the Fourier series representing the two signals may be written

0

zg:Bm sin muwt (k)

m=L
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Z By sin(mwt + 7) (L5)

Then the in-phase and out-of-phase voltages used to drive the galvanometers
will be given by the products of equations (43) and (4k4), and (43) and
(k5), respectively:

Vi = Ag Z By sin mwt + Z ZAan sin(nwt + Bp)sin mwt
m=1 n=1 m=L
o : o @
= Ag ZBm sin mwt + Z Z AI;Bm {cos[(n - mjwt + E’n} -
m=1 n=1 m=1
cos [(n + m)wt + 5n:| } (46)

= Aq Z By sin{mwt + 7) +Z Z ArBp sin(awt + Bp)sin(mwt + 7)

Vo =
m=1 n=1 m=1
N = AnBn
=AOXBmsin(mwt+7)+ Z—g'— cos{(n-m)mt+5n—7]-
m=1 n=1 m=1
cos[(n + m)wt + & + ')’:l} (L)

Examination of equations (46) and (L47) reveals that time-independent
voltages occur only when n = m, that is, for products of equal harmonics.
Then the effective voltages, those to which the galvanometers will respond,
may be written

o)
Vi = Z ‘CEEQ—E AnBn (48)
n=1
= cos(dpn ~
vo - ) BRI (49)

n=1
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These equations show that the in-phase and out-of-phase components of
each measured quantity may be In error by an amount equal to the sum of
the products of equal harmonics contained in the quantity to be measured
and in the resolver signals. If either of the slgnals has no harmonic
content, but consists only of the fundamental (n = 1), no error is caused
irrespective of the distortion present in the other. Under normal wind-
tunnel operating conditions it would be expected that, due to previously
mentioned disturbances, some distortion would be present in the basic
signals, and it is necessary that the resolver signals be free of all
comparable harmonics in order to eliminate this possible source of error.
For thils reason the resolvers were driven by 90-tooth gears. A remalning
possible source of low-frequency harmonic content in the resclver signals
was slip ring '"noise"; a visual examination of. the resolver reference
signals by means of an oscllloscope revealed no distortion, however.

One other possible error due to the resolvers 1s indicated in equa-

tion (49): the phasing of the resolver reference signals with respect

to each other by some angle 9 other than 90°. For the resolvers used
in the present investigation the angle 7y was accurate to 909, il/eo,
and the error from this source was, therefore, negligible. Now, since the
fundamental amplitude, By, of the resolver reference signals is unity,
equations (48) and (L9) simplify %o

Vi = ?% cOSs 51
Al .
VO = 2; sin 61

The galvanometer deflections G4 and G, are directly related to the in-
phase and out-of-phase voliages by the appropriate calibration constants
Ci and Co. The amplitude and phase angle are glven by

3
Ay =2 /COZGOQ + CiQGig
L (50)
ColG
61 = tan-l o0 _
CiGi

Equations (50) are identical with equations (L42) which were developed
for the case of no distortion in the quantities to be measured. It can be
seen that the system, in effect, filters out the unwanted harmonics and
provides a measure-only of the desired response.
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Frequency characteristlcs.- Mention was made of the alinement and
calibration necessary to determine the final phase relationships of the
resolvers. The method of alining the resolvers is as follows: While
the oscillation frequency 1s maintained at some constant value, each of
the three circuits is, in turn, connected toc the output of the roll-
position gage. In each case the appropriate resolver housing is then
rotated until the out-of-phase component indicated on the galvanometer
is approximately zero and is locked in this position. In conjunction with
these operations & check was also obtalned on the fregquency characteristics
of the measuring circuits. It should be recalled that the phase angles
necessary for data reduction are measured with respect to the roll posi-
tion. Then it is clear that the gbsolute value and frequency dependence
of the phase angles indicated by the resolver circuits is immaterial if
these characteristics are identical for each circuit. The procedure was
as follows: After alining the resolvers, each of the circuits was, in
turn, connected to the output of the roll-position gesge, and the ampli-
tude and phase angle were computed for discrete frequencies covering the
available range of operation. It was found that the phase shift varied
slightly for the three circuits, the phase angle differences varying in
a manner linear with freguency. The phase shift difference was then used
as a calibration for correcting the phase angles cbtained during testing.

Operation of the System

The operationsl procedures followed in conducting wind-tunnel inves-
tigations with the testling apparatus are described briefly below. It
should be noted that the procedures are essentially identical when the
apparatus is used for calibration tests such as are desecribed in a later
section.

(1) With the model rigidly restrained in yvaw, measurements of roll
position @, roll-input torque T, and the roll-input-torque phase angle
A are obtained for single-degree-of-freedom roll oscillations, at dis-
crete frequencies throughout the available range, by means of the resolver
circults previously described. Data thus obtained, for both wind-off
tunnel-evacuated, and wind-on conditions, and the calibrated roll-flexure
spring constant, Ly, provide Lg, and I, from equations (30) and (31),

Ly + ali from equation (32), end, for angle of attack other than zero,
Lg from equation (33).

(2) With the model free to yaw, the model is driven in roll at the
yaw natural frequency. When the model has sttalned sufficlent yawing
amplitude, the drive motor providing the oscillatory rolling motion is
stopped abruptly, resulting in a single-degree-of-freedom free-yaw oscil-
lation. A time history of the decaying yawing motion is obtained by
means Of a recording osclllograph. Again these data are obtained for
both wind-off tunnel-evacuated and wind-on conditions, and with them and
the calibrated yaw-flexure spring constant, Ny, equatlons (21) through
(24) yield I, Wy, N§y - N3, and Ng, respectively.
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(3) With the model free to yaw, the apparatus is operated as a two~
degree-of-freedor system at discrete fregquencies throughqut the operating
range. At each frequency measurements of the roll position @, yaw posi-
tion V¥, roll-input torque T, and the phase angles € and A are obtained
by means of the resolver circuits. Use of these ddata in conjunction with
those obtained from (1) and (2) above provides 5 + aNg and Iyp from

“equations (25) end (26), Lg and Ly - Lg from equations (36) and (37).

EVALUATION OF SYSTEM

It should be noted that the aerodynamic moments produced by angular
velocities are, in general, much smaller than the moments produced by
angular displacements, and the disturbances inevitaebly present in any
wind tunnel may be of the order of magnitude of the quantities to be
measured. An analysis of the manner in which the effects of these dis-
turbances sre eliminated in the present system has been dlscussed in the
section on instrumentation. The results of such analyses are not suf-
ficient information to determine completely the over-all accuracy; however,
8 reliable indlcation of the accuracy cen be obtained where it is possible
to simulate the quantities to be measured with known inputs to the system.
The results of tests of this type will be discussed. A further check of
the system accuracy when opereting under wind-tunnel conditions was obtained
through the testing of a simple configuration for which, it was felt, cer-
tain of the aerodynamic derivatlves could be calculated feirly accurately.
The results of these tests are discussed at the end of this section.

Evaluation of the System With Simulated Aerodynamic Derivatives

Cross derivatives N¢ and Ly.- Tests with the simulated aerodynemic
derivatives were made in order to assess the accuracy of the system and
the validity of the assumptions made in the linearizatlon of the equations
of motion. The aserodynamic cross derivatives 5 and Ly were simulated
by means of a varlable-speed gyroscopic motor as indicated in sketch (m).
' The torque due to precession of a gyroscope is

well known (see, e.g., ref. 8), and it is this

property which was utilized 1In the present appli-
a) cation. The gyroscope was mounted in place of
¥

y ‘/d the model, and, with the rotor oriented as shown,
’////’k; Q the simulated cross derivatives provided by the
gyro are given by
2

b §

L¢ = ‘Né =IQ
Sketch (m)
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where

I rotor moment of inertia
Q angular velocity of rotor

The results of the gyroscope callbration are shown in figure 5 where
the range of values given is expected to cover all possible wind-tunnel
results. - It can be seen from figure 5 that the accuracy with which
is determined is entirely satisfactory. It was found thet the values
of L& obtained from equation (37) were unrelisble, however, and these
results are not presented. This was also found to be true for the calcu-
lation of Lg from equation (36) and a re-examination of the method of
determining these derivatives will be necessary.

Damping-in-roll derivative ;Ei" The results of tests 1n which the

aerodynamic roll damping L@ was simulated are shown in figure 6. This
derivative was simulated in the manner indicated in sketch (n). A moment
proportional to the angular velocity
@ was produced about the x axis
by means of a magnetic damper acting
through & flexure-pivot universal
Joint on an arm connected rigidly to
the roll torque tube. The damping
moment was generated by operating
the system with a direct-current

field excitation and & short-circuited
armeture. If the current generated ¥4

in the armature and the armature

resistance are designated as I and R,
respectively, the simulated aerodynamic ’ ( >
derivative may be expressed, for small
angular displacement @, as Sketch (n)
o 2rxcI®R
Lo = Z 2

Po W

where ¢ 1s tThe conversion from Joules 1o inch-pounds. With the damper
inoperative, an equivalent damping factor was obtalined for the internal
friction in the roll flexure pivots, universal Joint, and flexible mount-
ing of the damper armature.. This quantity was subtracted from the demper-
on data to give the results shown in figure 6. These results show the
accuracy with which the system measures the simulated serodynamic deriv-
ative L¢ in the absence of tunnel disturbances.

Damping in vaw aend directional stebility derivatives Cnp - Cné and

CnB.- No satisfactory method was found for introducing simulated values

of aerodynamic yaw damping and directional stebllity into the systen
during the previously described tests, and it 1s, therefore, necessary
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to analyze the results of the wind-tunnel tests, described in the follow-
ing sections, to determlne the accuracy with which these derivatives were
obtained. The procedures for obtaining and reducing free-oscillation data
are well known, as are the Tactors affecting the accuracy of these data.
The uncertainties in each of the measured quantities present in the equa~-
tion defining Cpn. - Cnsz and CnB have been calculated., The square root
of the sum of the squares of these uncertainties indicated over-all
uncertainties of the order of +0.055 and 10.057 for single values of

Cnr - Cpns and CnB’ respectively. Not accounted for in these values,
however, are possible effects of random air-stream disturbasnces and support
vibrations which would appear as scatter in the data. The standard devia-
tion of & number of observations at a given Mach number was, therefore,
calculated; this was found to be of the order of *0.127 for Cn, - Cnﬁ.
and +0.028 for Cng -

Evaluation of the System in the Wind Tunnel

The tests described previously, in which the system accuracy was
assessed from thée standpoint of ebllity to measure simulated aserodynamic
moments, were necessarily conducted under somewhat idealized conditions.
It is, of course, impossible to simulate all of the loading conditions
and disturbances to which the model is subjected in the wind tunnel, and
these tests provide & measure of the accuracy of the system when there
are essentlelly no extraneous disturbances present. It has been shown
in the enalysis of the previous section that these disturbances, theoret-
ically, cause no error; however, it is desirable to check the capaebllities
of the system operating in the wind-tunnel environment for which it was
designed.

An evaluatlon of the system in the wind tunnel necessarily depends
on testing a model for which the aerodynamic derivatives may be calculated
accurately. It is, of course, realized that an exact check on the systenm
accuracy is not possible by this means since present theoretical knowledge
is insufficient to permit exact calculations of the lateral dynamic sta-
bility derivatives of fin-body combinations; a serious decrease of the
system accuracy due to tunnel disturbances should, however, be evident.

For the tests described below, a simple model was constructed for
which, 1t was felt, the rolling-velocity derivatives Czp and Cnp could
be estimated with a fair degree of accuracy. The model, which consisted
of a vertical triangular fin mounted on a cylindrical body with an ogival
nose (see fig. T), was tested with the dynamic system in the Ames 6- by
6-foot supersonic wind tunnel over a range of subsonlc and supersonic
Mach numbers at zero angle of sttack.

Estimation of stability derivatives.- Estimation of the stability
derlvatives was based on existing theoretical methods adapted to the
particular model used in the wind-tunnel tests. The following is a brief
description of the methods by which the derivatives were estimated.
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In determining the roll-velocity derivatives, Cj;_ and Cnp, it was
assumed that the fin acts as a portion of a rolling triangular wing as
indicated in sketch (o). The solution for the resulting pressure dis-
tribution is well known (see, e.g., ref. 11) and was used directly to
calculate the damping-in-roll derlvative (3 and the contribution of
the fin to the cross derivative Cnp. Presstres induced on the body by the
loading on the fin of course provide
no rolling moment, but contribute \&-\\\
directly to the yawlng moment, and, O Seo
therefore, must be considered in ‘::\\\\ S~
estimating Cp. Tfor the fin-body S TN .
coubination. HMethods are available \~:T\\§§
for computing the interference load \\\\‘
distribution for fin-body combinations *:;\\g;;i
at supersonic speeds (refs. 12, 13, {‘J\J, .
and 14) but these are, in general, AN
very laborious and for this reason
the method described below was applied
in the present case. Sketch (o)

N

I
\j «

It was assumed that the pressures induced on the body could be cal-
culated as though the body were a flat plate at zero angle of attack

adjacent to the fin. Reference 15 . pz
gives the solution for a case similar @ a7
to this, namely the pressure distribu- L 4

tion induced on a flat plate at zero
angle of attack adjacent to s tri-
angular sector at a comstant angle

of attack. The angle-of-attack dis-
tribution on the fin may be repre-
sented as the sum of a constant angle

of attack <OL= BV£> and one which

Y
~

incredses linearly in the spanwise

DZ )\

VZ/as shown In \fiﬁ r*? .

direction <CL =
sketch (p).

The pressure induced on the
body by the constant angle-of-~attack plz-r)
distribution is given directly by the a a "“7“'
solution in reference 15. The induced |
pressure resulting from the effective
twist due to rolling velocity may be
found by integrating across the span
of the wing. This integration cor-
responds to the superposition of an
infinite number of the 1lifting sectors Sketch (p)
along the span, each sector having an infinitesimal angle of attack. The
yvawing moment due to the induced pressures on the body was added to that

_—r 2
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due to the loading on the fin to obtain the total yawing moment due to

roll velocity. DBecause of the approximations necessary in the above

estimate, the yawing moment due to rolling velocity was also calculated -
using the slender-body theory of reference 16 in order to provide a

check of the order of megnitude.

Tn estimating the yawing derivatives it was assumed (a) that, in
lieu of a more exact theory, the yawing moment of the body is that glven
by slender-body theory which, of course, is known to be incorrect at the
higher supersonic Mach numbers and (b) that the yawing moment of the fin
due to yawing velocity is that given by the moment, about the approprlate
axis, of the loading on & portion of a pitching wing. Sketch (g) shows
the portion of the wing referred to as a cross-hatched ares and the
pitching exls as the axis of yaw. The load-
ing was calculated according to reference 17

-
T~ q for the arrangement as shown to determine
N Ss~o ! the yawing moment due to yawing veloclty. A
‘\\ \‘\\ similar method was used for estimating the
‘s\\ ‘~\\ yvawing moment due to sideslip eangle. The
USRI slender-body~-theory results were obtained
‘\_.\\ § from reference 18. The above methods, of
\\B‘ Reg? course, applled only to the derivatives for .
d t / supersonic Mach numbers. No methods were
4/ available of sufficient accuracy to permit ,
\\\l the estimation of the derivatives at subsonic -
Sketch (q) v Mach numbers.

Comparison of estimated stabllity derivatives with measured values.-
During the wind-tunnel tests the rolling derivatives Czp and Cnp were

obtained over a range of frequencies from 7 to 20 cycles per second. No
significant variation of these quantities wilth frequency was found, and
the values which are presented in figures 8 and 9 are the arithmetic
mean of the values obtained. The values of anr - Cné and CnB are those

which were cobtained at a single frequency through free-oscillation tests.
A comparison of the estimated and measured rolling derivatives is glven
in figures 8 and 9 for the supersonic Mach numbers investigated. The
measured values are also shown for the subsonic Mach numbers. The agree-
ment between the experimental and estimated values indicates that there
were no serious effects of wind-tummel disturbances on the system accuracy.
Figure 10 shows the measured and estimated damping in yaw. Here the
agreement is poor, partlcularly at the highest Mach number. The same 1s
true of the dlrectional stability parameter Cnp, shown in figure 11,
where the agreement 1s satisfactory except at t%e highest Mach number.
The methods used in estimating the theoretical values of the derivatives
may not be reliable and have not been adequately checked experimentally.
A large part of the discrepancy between theory and experiment is belleved
to be due to deficiencies in the theory.
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CONCLUSIONS

A study of a system designed to measure the static and dynamic
lateral stability derivatives has lead to the following conclusions:

1. Tests in which aerodyramic derivatives were simulated have shown
that the apparatus correctly measures known inputs of the order of magni-
tude anticipated for airplane models.

2. The investigation has shown that the aerodynamic derivatives
assoclated with the primary mode of operation of the system, that is the
rolling derivatives, and the directlionel-stability and demping-in-yaw
parameters may be obtained with satlsfactory accuracy. The data-reduction
equations from which the rolling moment due to yawing veloclty and due
to sideslip angle were determined yielded results which were unreligble
and prevented evaluation of Clr - Clé and CZB.

3. Tests of the aspparatus utilizing = simple model showed that the
wind-tunnel environment apparently had no deleterious effects on the
system accuracy.

Ames Aeronautical Laboratory
National Advisory Committee for Aeronautics
Moffett Field, Calif., Sept. 24, 195L.
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Figure 2,- Illustration of dyneamic testing apparatus.
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Figure 2.~ Concluded.
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Figure 3.- Effect of simulated 1ift load on yew flexure pivot spring constant.
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Figure 4.~ Effect of simulated 11ft load on the internal damping of the yaw flexure pivots.
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Figure 5.~ Comparilson of gyrosceope Input and measured output of the simuisated aerodynamic crogs
derivative Hq; .
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Figure 6.~ Comparison of megnetic-damper input and measured cutput of the simulated merodynamic
damping-in-roll derivative ng.
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Figure 7.- Model used for wind-tunnel tests,
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Figure 8.- Variation with Mach number of experimental and estimated values of demping-ln-roll
roefficient, CZD'
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Figure 9.- Variation with Mach number of experimentel and estimated velues of cross-derivative

coefficient, Cnp.
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Flgure 10.- Variation with Mach number of experimental and estimated values of demping-ln-yaw
coeffieclent, Cp. - Cpji-
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Flgure 1l.- Veriation with Mach number of experimental and estimated values of directional stability
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